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∆-WEAKLY MIXING SUBSETS ALONG A COLLECTION OF
SEQUENCES OF INTEGERS
JIAN LI AND KAIRAN LIU
Abstract. In this paper, we propose a mild condition, named Condition (∗∗),
for collections of sequence of integers and show that for any measure preserving
system the Pinsker σ-algebra is a characteristic σ-algebra for the averages along a
collection satisfying Condition (∗∗). We introduce the notion of ∆-weakly mixing
subsets along a collection of sequences of integers and show that positive topolog-
ical entropy implies the existence of ∆-weakly mixing subsets along a collection of
“good” sequences. As a consequence, we show that positive topological entropy
implies multi-variant Li-Yorke chaos along polynomial times of the shift prime
numbers.
1. Introduction
Throughout this paper, by a topological dynamical system, we mean a pair (X, T ),
where X is a compact metric space and T : X → X is a homeomorphism, and by
a measure preserving system, we mean a quadruple (X,B, µ, T ), where (X,B) is
a standard Borel space, µ is a probability measure on (X,B) and T : (X,B, µ) →
(X,B, µ) is an invertible measure preserving transformation.
Chaos, as an important concept representing complexity of topological dynamical
system, has attracted a lot of attention. Different versions of chaos, such as Li-
Yorke chaos, Devaney chaos, positive entropy and weak mixing were proposed over
the past few decades, and the implication among them became a central topic as
well. See a recent survey [28] and references therein for more details. Here we name
a few related to this work.
In [24], Iwanik proved that weak mixing implies Li-Yorke chaos. By showing that
a non-periodic transitive system with a periodic point is Li-Yorke chaotic, Huang
and Ye proved that Devaney chaos also implies Li-Yorke one (see [22]). In [3],
Blanchard et al. proved that positive topological entropy implies Li-Yorke chaos,
see [25], [21] and [36] for amenable group actions. In [8], Downarowicz proved that
positive topological entropy implies mean Li-Yorke chaos, see also [17] for another
approach.
In [38], Xiong and Yang showed that in a weakly mixing system there are consider-
ably many points in the domain whose orbits display highly erratic time dependence,
which is called Xiong chaos. In [4], Blanchard and Huang defined a local version of
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weak mixing, so called weakly mixing set, and proved that positive topological en-
tropy implies the existence of weakly mixing sets which also implies Li-Yorke chaos.
In [31, 32, 33], Oprocha and Zhang had also discussed local versions of weak mixing
extensively. In [18], the first named author of the present paper with coauthors stud-
ied the ∆-weakly mixing property and showed that a topological dynamical system
with positive topological entropy has many ∆-weakly mixing subsets. Recently in
[29], the second named author of the present paper extended the results in [18] to
countable torsion-free discrete nilpotent group actions.
Recently, there are some papers which studied the chaos phenomenons along
some subsequences of integers. In fact, any system containing a non-trivial weakly
mixing subset has infinite topological sequence entropy, see [32, Theorem 6.1]. In
[26], the first named author studied weakly mixing subsets via Furstenberg families
(collections of subsequence of integers). In [27], the first named author with Qiao
showed that positive topological entropy implies mean Li-Yorke chaos along some
sequences which are good for pointwise ergodic convergence with a mild condition.
In [19], the first named author with coauthors showed that positive topological
entropy implies Li-Yorke chaos along any infinite sequence for countable discrete
amenable group actions. In [39], Zhang et al. studied ∆-mixing properties via
Furstenberg families. The main aim of this paper is to study ∆-weakly mixing set
along a collection of sequences of integers and show that positive topological entropy
implies the existence of ∆-weakly mixing sets along a collection of “good” sequences.
To introduce our main results, we need some preparations. Let N denote the
collection of all positive integers. For a topological dynamical system (X, T ) and
m ∈ N, the m-th product system (Xm, T (m)) is also a topological dynamical system,
where Xm = X ×X × · · · ×X , and T (m)(x1, x2, . . . , xm) = (Tx1, Tx2, . . . , Txm) for
any (x1, x2, . . . , xm) ∈ X
m. We say that a topological dynamical system (X, T ) is
(topologically) transitive if for every two non-empty open subsets U and V of X
there exists a positive integer n such that U ∩T−nV 6= ∅. It is (topologically) weakly
mixing if the product system (X2, T (2)) is transitive. By the well-known Furstenberg
intersection Lemma, we know that if (X, T ) is weakly mixing then (Xm, T (m)) is also
transitive for all m ∈ N.
Following [30], we say that a topological dynamical system (X, T ) is ∆-transitive
if for every ℓ ∈ N, there exists a residual subset X0 of X such that for every x ∈ X ,
{(T nx, T 2nx, . . . , T ℓnx) : n ∈ N}
is dense in Xℓ. In [14], Glasner showed that if a minimal system is weakly mixing
then it is ∆-transitive. Recently in [20], Huang, Shao and Ye showed that if a
minimal system is weakly mixing then for every ℓ ∈ N and distinct non-constant
polynomials p1(n), p2(n), . . . , pℓ(n) with rational coefficients taking integer values on
the integers and pi(0) = 0 for i = 1, . . . , ℓ, there exists a residual subset X0 of X
such that for every x ∈ X ,
{(T p1(n)x, T p2(n)x, . . . , T pl(n)x) : n ∈ Z}
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is dense in Xℓ. In fact, they proved the result for finitely generated nilpotent group
actions, see [20] for more details. This motivates us to introduce ∆-transitive and
∆-weakly mixing set along a collection of sequences of integers.
Let ℓ ∈ N and Λ = {a1, . . . , aℓ : N → N} be a collection of sequences. Assume
that (X, T ) is a topological dynamical system and E is a closed subset of X . We
say that E is ∆-transitive along Λ if there exists a residual subset A of E such that
for every x ∈ A one has
Eℓ ⊆ {(T a1(n)x, . . . , T aℓ(n)x) : n ∈ N},
and ∆-weakly mixing along Λ if Em is a ∆-transitive subset of (Xm, T (m)) along Λ
for every m ∈ N.
To study the existence of ∆-weakly mixing sets in dynamical system with positive
topological entropy, more things should be involved. Given a measure preserving
system (X,B, µ, T ), we say that a sub-σ-algebra F of B is a characteristic factor for
the averages along the collection Λ = {a1, . . . , aℓ} of sequences if for any f1, . . . , fℓ ∈
L∞(µ), one has
lim
N→∞
1
N
N∑
n=1
( ℓ∏
i=1
T ai(n)fi −
ℓ∏
i=1
T ai(n)E(fi|F )
)
= 0
in L2(µ).
In [27], the first named author with Qiao introduced the following Condition (∗)
for a sequence a(n) of positive integers.
Condition (∗). For every L > 0,
lim
N→∞
1
N2
#{(m,n) ∈ [1, N ]2 : |a(m)− a(n)| ≤ L} = 0.
It is shown in [27, Theorem 3.2] that if a sequence a(n) satisfies the Condition
(∗) then the Pinsker σ-algebra of any measure preserving system is a characteristic
factor for the average along the sequence a(n). Here we introduce the following
Condition (∗∗) for a collection Λ = {a1, . . . , aℓ} of sequences of positive integers.
Condition (∗∗). For each i = 1, 2, . . . , ℓ, sequence ai(n) satisfies the Condition (∗)
and
lim
n→∞
(ai+1(n)− ai(n)) = +∞ for i = 1, . . . , ℓ− 1,
We have the following improvement of [27, Theorem 3.2], which is also of inde-
pendent interest.
Theorem 1.1. If a collection Λ = {a1, . . . , aℓ} of sequences of positive integers
satisfies the Condition (∗∗), then the Pinsker σ-algebra of any measure preserving
system is a characteristic factor for the average along Λ.
Another important ingredient of our method is the following notion. We say that
a collection Λ = {a1, . . . , aℓ} of sequences of positive integers is good for lim inf-ℓ-
recurrence if for any measure preserving system (X,B, µ, T ), and every A ∈ B with
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µ(A) > 0 one has
lim inf
N→∞
1
N
N∑
n=1
µ(A ∩ T−a1(n)A ∩ · · · ∩ T−aℓ(n)A) > 0.
In fact, by von Neumann ergodic theory, we know that the sequence {n}∞n=1 is good
for lim inf-1-recurrence. By the seminal work of Furstenberg [12], for any ℓ ∈ N, the
collection {n, 2n, . . . , ℓn : n ∈ N} is good for lim inf-ℓ-recurrence. In [2], Bergelson
and Leibman showed that for any ℓ ∈ N and any polynomials p1(n), . . . , pℓ(n) with
rational coefficients taking integer values on the integers and pi(0) = 0 for i =
1, . . . , ℓ, the collection
{
p1(n), . . . , pℓ(n)} is good for lim inf-ℓ-recurrence. In [37],
Wooley and Ziegler showed that for any ℓ ∈ N and any polynomials p1(n), . . . , pℓ(n)
with rational coefficients taking integer values on the integers and pi(0) = 0 for
i = 1, . . . , ℓ,
{
p1(n− 1), . . . , pℓ(n− 1) : n ∈ P} and
{
p1(n+1), . . . , pℓ(n+1): n ∈ P}
are good for lim inf-ℓ-recurrence, where P is the set of prime numbers, see also [11].
We refer the reader to the survey [10] and references therein for more results.
Now we are ready to state our main result.
Theorem 1.2. Let Λ = {a1, . . . , aℓ} be a collection of sequences of positive integers
which satisfies the Condition (∗∗) and is good for lim inf-ℓ-recurrence. If a topological
dynamical system (X, T ) has positive topological entropy, then there exist ∆-weakly
mixing subsets of (X, T ) along Λ.
In [33], Oprocha and Zhang gave a survey of recent results on local aspects of
dynamics of pairs, tuples and sets, especially on weakly mixing pairs, tuples and
sets. As pointed out by the referee, it is interesting to study corresponding results
on ∆-weakly mixing sets, which is left for further study.
This paper is organized as follows. In Section 2, we review some necessary notions
and required properties. In Section 3, we study some properties of ∆-weakly mixing
sets along a collection of sequences. Theorems 1.1 is proved in Sections 4. Section
5 is devoted to proving the main result Theorem 1.2.
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2. Preliminaries
In this section we will review some notions and properties that will be used later,
such as density of sets of positive integers, condition expectation and disintegration
of measures over sub-σ-algebras.
2.1. Density of subsets of positive integers. Let F be a subset of N, the upper
density and lower density of F is defined respectively by
D(F ) = lim sup
n→∞
#(F ∩ {1, 2, . . . , n})
n
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and
D(F ) = lim inf
n→∞
#(F ∩ {1, 2, . . . , n})
n
,
where #(·) is the number of elements of a finite set. We say that F has density
D(F ) if D(F ) = D(F ), where D(F ) denotes this common value. It is clear that for
two subsets F and E of N with D(F ) = 1 and D(E) > 0, one has F ∩ E 6= ∅.
2.2. Condition expectation and disintegration of measures. Let (X, T ) be
a topological dynamical system. We denote the collection of all Borel probability
measures of X by M(X), the collection of all T -invariant Borel probability mea-
sures of X by M(X, T ), and the collection of all ergodic measures of (X, T ) by
Me(X, T ). We now recall the main results and properties of condition expectation
and disintegration of measures. We refer to [9, Chapter 5] for more details.
Let (X,B, µ) be a probability space, and A ⊆ B a sub-σ-algebra. Then there is
a map
E(·|A ) : L1(X,B, µ)→ L1(X,A , µ)
called the conditional expectation, that satisfies the following properties.
(1) For f ∈ L1(X,B, µ), the image function E(f |A ) is characterized almost
everywhere by the two properties:
• E(f |A ) is A -measurable;
• for any A ∈ A ,
∫
A
E(f |A )dµ =
∫
A
fdµ.
(2) E(·|A ) is a linear operator of norm 1. Moreover, E(·|A ) is positive.
(3) For f ∈ L1(X,B, µ) and g ∈ L∞(X,A , µ),
E(g · f |A ) = g · E(f |A )
µ-almost everywhere.
(4) A ′ ⊆ A is a sub-σ-algebra, then
E
(
E(f |A )
∣∣A ′) = E(f |A ′)
µ-almost everywhere.
The conditional expectation E(·|A ) may be thought of as the natural projection
map from L1(X,B, µ) to its closed subspace L1(X,A , µ). The following result is
well-known (see e.g. [15, Theorem 14.26], [9, Section 5.2]).
Theorem 2.1 (Martingale Theorem). Let (An)n≥1 be a decreasing sequence (resp.
an increasing sequence) of sub-σ-algebras of B and let A =
⋂
n≥1
An (resp. A =∨
n≥1 An). Then for every f ∈ L
2(X,B, µ), one has
E(f |An)→ E(f |A )
in L2(µ) and also µ-almost everywhere.
Let (X,B, µ) be a Borel probability space, and A ⊆ B a σ-algebra. Then µ can
be disintegrated over A as
µ =
∫
X
µAx dµ(x)
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in the sense that for any f ∈ L1(X,B, µ), one has
E(f |A )(x) =
∫
f(y)dµAx (y) for µ-a.e. x ∈ X, (2.1)
where µAx ∈M(X). If A is countably-generated, then µ
A
x ([x]A ) = 1 for all µ-almost
every x ∈ X , where
[x]A =
⋂
x∈A,A∈A
A
is the atom of A containing x. Moreover µAx = µ
A
y for µ-almost every x, y ∈ X
whenever [x]A = [y]A .
Let µ ∈ M(X) and µ =
∫
X
µAx dµ(x) be the disintegration of µ over A . The
relatively independent self-joining of µ over A is the probability measure
µ×A µ =
∫
X
µAx × µ
A
x dµ(x)
on X ×X in the sense that
µ×A µ(A×B) =
∫
X
µAx (A)µ
A
x (B)dµ(x)
for all A,B ∈ B. Denote λ = µ ×A µ. Let π : X × X → X be the canonical
projection to the first coordinate, and
λ =
∫
X×X
λ
π−1(A )
(x,y) dλ
(
(x, y)
)
be the disintegration of λ over the σ-algebra π−1(A ) of B ×B. By [9, Proposition
6.16], for λ-a.e. (x, y), λ
π−1(A )
(x,y) = µ
A
x × µ
A
y . Thus for f1, f2 ∈ L
2(X,B, µ) one has
E(f1 ⊗ f2|π
−1(A ))(x, y) =
∫
f1 ⊗ f2(z1, z2)dλ
π−1(A )
(x,y) (z1, z2)
=
∫
f1(z1) · f2(z2)dµ
A
x × µ
A
y (z1, z2)
=
∫
f1(z1)dµ
A
x (z1) ·
∫
f2(z2)dµ
A
y (z2)
= E(f1|A )(x) · E(f2|A )(y), (2.2)
where f1⊗ f2 is the function on X ×X defined by f1⊗ f2(x1, x2) = f1(x1)f2(x2) for
(x1, x2) ∈ X ×X .
3. ∆-weakly mixing subsets along a collection of sequences
In this section, we study properties of ∆-transitive subsets and ∆-weakly mixing
subsets along a collection of sequence. As those sets can be regarded as subsequence
version of ∆-transitive subsets and ∆-weakly mixing subsets. The idea of the proofs
are the same, we only state the results and outline the key ingredients of the proofs.
We will leave details of the proof to the interested reader.
Let Λ = {a1, a2, . . . , aℓ} be a collection of sequences and (X, T ) a topological
dynamical system. Recall that a closed subset E of X is called ∆-transitive along
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the collection Λ of sequences if there exists a residual subset A of E such that for
every x ∈ A one has
Eℓ ⊆ {(T a1(n)x, . . . , T aℓ(n)x) : n ∈ N}.
Following the idea in [18], we define the hitting time set of subsets along the collection
Λ of sequences. For subsets V , U1, U2, . . . , Uℓ of X , define
NΛ(V ;U1, U2, . . . , Uℓ) =
{
k ∈ N : V ∩
ℓ⋂
i=1
T−ai(k)Ui 6= ∅
}
.
We have the following characterization of ∆-transitive sets along a collection of
sequences. The proof is similar to the one of [18, Proposition 3.3].
Proposition 3.1. Let Λ = {a1, a2, . . . , aℓ} be a collection of sequences and (X, T ) a
topological dynamical system. Then a closed subset E of X is ∆-transitive along Λ
if and only if for every non-empty open subsets V , U1, U2, . . . , Uℓ of X intersecting
E,
NΛ(V ∩ E;U1, U2, . . . , Uℓ) 6= ∅.
Recall that E is called ∆-weakly mixing along the collection Λ of sequences if Em
is a ∆-transitive subset of (Xm, T (m)) along Λ for every m ∈ N. By Proposition 3.1,
we have the following characterization of ∆-weakly mixing sets along a collection of
sequences.
Proposition 3.2. Let Λ = {a1, a2, . . . , aℓ} be a collection of sequences and (X, T )
a topological dynamical system. Then a closed subset E of X is ∆-weakly mixing
along Λ if and only if for every m ∈ N and non-empty open subsets Vj, Ui,j, i ∈
{1, 2, . . . , ℓ}, j ∈ {1, 2, . . . , m}, of X intersecting E, one has
m⋂
j=1
NΛ(Vj ∩ E;U1,j , U2,j . . . , Uℓ,j) 6= ∅.
It is not hard to see that if a ∆-weakly mixing set along a collection of sequences
with ℓ ≥ 2 has at least two points then it must be perfect.
Let E be a closed subset of X . For ε > 0, we say that a subset A of X is (Λ, ε)-
spread in E if there exist δ ∈ (0, ε), n ∈ N and distinct points z1, z2, . . . , zn ∈ X
such that A ⊂
⋃n
i=1B(zi, δ) and for any maps gj : {z1, z2, . . . , zn} → E where j =
1, 2, . . . , ℓ, there exists k ∈ N such that 1
k
< ε and T aj(k)(B(zi, δ)) ⊂ B(gj(zi), ε) for
i = 1, 2, . . . , n and j = 1, 2, . . . , ℓ. Denote by X (Λ, ε, E) the collection of all closed
sets that are (Λ, ε)-spread in E and put
X (Λ, E) =
∞⋂
k=1
X (Λ, 1
k
, E).
Similar to [18, Lemma 3.8.], we can show the following result.
Lemma 3.3. If E is a ∆-weakly mixing set along the collection Λ of sequence, then
X (Λ, E)∩ 2E is residual in 2E, where 2E is the hyperspace of E with the Hausdorff
metric.
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Now combing Lemma 3.3 and the method in the proof of [18, Theorem A], we
have the following chaotic behavior of ∆-weakly mixing sets along a collection of
sequences.
Theorem 3.4. Let (X, T ) be a topological dynamical system and Λ = {a1, . . . , aℓ} be
a collection of sequences of integers. Then a closed subset E of X with at least two
points is ∆-weakly mixing along Λ if and only if there exists an increasing sequence
of Cantor sets C1 ⊂ C2 ⊂ · · · of E such that C :=
⋃∞
k=1Ck is dense in E and
(1) for any subset A of C and any continuous functions gj : A → E for j =
1, . . . , ℓ, there exists an increasing sequence {pn} of positive integers such
that
lim
n→∞
T aj(pn)x = gj(x),
for every x ∈ A and j = 1, . . . , ℓ;
(2) for any k ∈ N, any closed subset B of Ck, and continuous function hj : B →
E for j = 1, . . . , ℓ, there exists an increasing sequence {qn} of positive inte-
gers such that
lim
n→∞
T aj(qn)x = hj(x),
uniformly on x ∈ B and j = 1, . . . , ℓ.
Let Λ = {a1, a2, . . . , aℓ} be a collection of sequences, and (X, T ) be a topological
dynamical system with a metric ρ on X . For n ∈ N, we say that an n-tuple
(x1, x2, . . . , xn) ∈ X
n is ∆-Li-Yorke chaotic along Λ, if
lim sup
k→∞
min
1≤i<j≤n;1≤p,q≤ℓ
ρ(T ap(k)xi, T
aq(k)xj) > 0
and
lim inf
k→∞
max
1≤i<j≤n;1≤p,q≤ℓ
ρ(T ap(k)xi, T
aq(k)xj) = 0,
and ∆∗-Li-Yorke chaotic along Λ, if
lim sup
k→∞
min
1≤i,j≤n;1≤p<q≤ℓ
ρ(T ap(k)xi, T
aq(k)xj) > 0
and
lim inf
k→∞
max
1≤i,j≤n;1≤p<q≤ℓ
ρ(T ap(k)xi, T
aq(k)xj) = 0.
A subset K of X is called ∆-Li-Yorke n-chaotic along Λ (resp. ∆∗-Li-Yorke n-
chaotic along Λ) if for any pairwise distinct points x1, x2, . . . , xn ∈ K, the n-tuple
(x1, x2, . . . , xn) is ∆-Li-Yorke chaotic along Λ (resp. ∆
∗-Li-Yorke chaotic along Λ).
The topological dynamical system (X, T ) is called ∆-Li-Yorke n-chaotic along Λ
(resp. ∆∗-Li-Yorke n-chaotic along Λ) if there is an uncountable ∆-Li-Yorke n-
chaotic set along Λ (resp. ∆∗-Li-Yorke n-chaotic set along Λ).
Remark 3.5. If Λ is only composed of a sequence a(n), then a ∆-Li-Yorke n-chaotic
tuple along Λ is just the Li-Yorke n-chaotic tuple along the sequence a(n). If Λ
contains at least two sequences, then a ∆∗-Li-Yorke chaotic tuple along Λ can be
regarded as a multi-variant version of asynchronous Li-Yorke chaotic tuple, which
was introduced in [18].
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Proposition 3.6. Let Λ = {a1, a2, . . . , aℓ} be a collection of sequences and (X, T )
be a topological dynamical system. If there exists a ∆-weakly mixing set along Λ
with at least two points, then for every n ≥ 2, (X, T ) is ∆-Li-Yorke n-chaotic and
∆∗-Li-Yorke n-chaotic along Λ.
Proof. Let E be a ∆-weakly mixing set along Λ with at least two points. By Theorem
3.4 there exists an increasing sequence of Cantor subsets C1 ⊂ C2 ⊂ · · · of E, such
that C :=
∞⋃
i=1
Ci is dense in E and has the properties introduced in the Theorem 3.4.
For any n ∈ N, now we shall show that C is ∆-Li-Yorke n-chaotic and ∆∗-Li-Yorke
n-chaotic along Λ.
Fix any distinct x1, x2, . . . , xn ∈ C. Since E is ∆-weakly mixing along Λ with at
least two points, E is perfect. Then exist pairwise distinct points e1, e2, . . . , enℓ ∈ E.
Let
δ =
1
2
min
1≤i<j≤nℓ
ρ(ei, ej) > 0.
First we set hq : {x1, x2, . . . , xn} → E, hq(xi) = e1, for i = 1, 2, . . . , n and q =
1, 2, . . . , ℓ. Then there exists an increasing sequence {qk} of positive integers such
that lim
k→∞
T aq(qk)xi = hq(xi) = e1, for every i = 1, 2, . . . , n and q = 1, 2, . . . ℓ. Thus
we have
lim
k→∞
max
1≤i<j≤n;1≤p,q≤ℓ
ρ(T ap(qk)xi, T
aq(qk)xj) = ρ(e1, e1) = 0,
and
lim
k→∞
max
1≤i,j≤n;1≤p<q≤ℓ
ρ(T ap(qk)xi, T
aq(qk)xj) = ρ(e1, e1) = 0.
And we set h′q : {x1, x2, . . . , xn} → E, h
′
q(xi) = e(i−1)ℓ+q. Then there exists an
increasing sequence {q′k} of positive integers such that lim
k→∞
T aj(qk)xi = h
′
q(xi) for
every i = 1, 2, . . . , n and q = 1, 2, . . . , ℓ. Thus we have
lim
k→∞
min
1≤i<j≤n;1≤p,q≤ℓ
ρ(T ap(qk)xi, T
aq(qk)xj) = min
1≤i<j≤n;1≤p,q≤ℓ
ρ(h′p(xi), h
′
q(xj)) > δ.
and
lim
k→∞
min
1≤i,j≤n;1≤p<q≤ℓ
ρ(T ap(qk)xi, T
aq(qk)xj) = min
1≤i,j≤n;1≤p<q≤ℓ
ρ(h′p(xi), h
′
q(xj)) > δ.
This ends the proof. 
4. Proof of theorem 1.1
The aim of this section is to prove Theorem 1.1. To do this, we first recall some
notions and basic results of entropy of a measure preserving system.
Let (X,B, µ, T ) be a measure preserving system. For a finite measurable partition
α, the measure-theoretic entropy of µ relative to α, denoted by hµ(T, α), is defined
as
hµ(T, α) = lim
n→∞
1
n
Hµ
(n−1∨
i=0
T−iα
)
,
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where Hµ(α) = −
∑
A∈α
µ(A) logµ(A). The measure-theoretic entropy of µ is defined
as
hµ(X, T ) = sup
α
hµ(T, α),
where the supremum ranges over all finite partitions of X .
The Pinsker σ-algebra of a system (X,B, µ, T ) is defined as
Pµ(T ) = {A ∈ B : hµ(T, {A,X\A}) = 0}.
It is easy to see that Pµ(T ) is T -invariant. The Rohlin-Sinai theorem identifies the
Pinsker σ-algebra as the “remote past” of a generating partition (see [34]).
Theorem 4.1. Let (X,B, µ, T ) be a measure preserving system and Pµ(T ) be its
Pinsker sub-σ-algebra. Then there exists a sub-σ-algebra P of B such that
T−1P ⊂ P,
∞∨
k=1
T kP = B and
∞⋂
k=0
T−kP = Pµ(T ).
Now we are going to prove Theorem 1.1. Note that we follow some ideas in [1],
[5] and [27].
Proof of Theorem 1.1. Let (X,B, µ, T ) be a measure preserving system. Choose a
sub-σ-algebra P as in the Theorem 4.1. Firstly, we assume P-measurable. Since
fi ∈ L
∞, without lost of generality, we can assume ‖fi‖∞ ≤ 1, i = 1, 2, . . . , ℓ. Given
ε > 0, by Theorem 2.1 there exists m ∈ N such that
‖E(fi|Pµ(T ))− E(fi|T
−m
P)‖L2(µ) < ε
for every i = 1, 2, . . . , ℓ. To keep notations simply, let f∞i = E(fi|Pµ(T )) and
fmi = E(fi|T
−mP) for i = 1, 2, . . . , ℓ. We also let f0 = fℓ+1 = 1. Then for every
N ∈ N one has:
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∥∥∥∥ 1N
N∑
n=1
( ℓ∏
i=1
T ai(n)fi −
ℓ∏
i=1
T ai(n)f∞i
)∥∥∥∥
L2(µ)
=
∥∥∥∥ 1N
N∑
n=1
( ℓ∏
i=1
T ai(n)f∞i − T
a1(n)f1 ·
ℓ∏
i=2
T ai(n)f∞i + T
a1(n)f1 ·
ℓ∏
i=2
T ai(n)f∞i − . . .
−
ℓ−1∏
i=1
T ai(n)fi · T
aℓ(n)f∞ℓ +
ℓ−1∏
i=1
T ai(n)fi · T
aℓ(n)f∞ℓ −
ℓ∏
i=1
T ai(n)fi
)∥∥∥∥
L2(µ)
≤
ℓ∑
h=1
∥∥∥∥ 1N
N∑
n=1
(
T a1(n)f1 . . . T
ah(n)(fh − f
∞
h )T
ah+1(n)f∞h+1 . . . T
aℓ(n)f∞ℓ
)∥∥∥∥
L2(µ)
≤
ℓ∑
h=1
∥∥∥∥ 1N
N∑
n=1
(
T a1(n)f1 . . . T
ah(n)(fh − f
m
h )T
ah+1(n)f∞h+1 . . . T
aℓ(n)f∞ℓ
)∥∥∥∥
L2(µ)
+
ℓ∑
h=1
∥∥∥∥ 1N
N∑
n=1
(
T a1(n)f1 . . . T
ah(n)(fmh − f
∞
h )T
ah+1(n)f∞h+1 . . . T
aℓ(n)f∞ℓ
)∥∥∥∥
L2(µ)
≤
ℓ∑
h=1
∥∥∥∥ 1N
N∑
n=1
(
T a1(n)f1 . . . T
ah(n)(fh − f
m
h )T
ah+1(n)f∞h+1 . . . T
aℓ(n)f∞ℓ
)∥∥∥∥
L2(µ)
+ ℓε.
(4.1)
Since Λ satisfies Condition (∗∗), there exists N0 ∈ N such that ai+1(n) > ai(n)+m,
for every n > N0 and i = 1, 2, . . . , ℓ−1. And there exists N1 ∈ N large enough, such
that N0
N1
< ε
2
16
and for every i = 1, 2, . . . , ℓ, one has
1
N21
#{(n, k) ∈ [1, N1]
2 : |ai(n)− ai(k)| ≤ m} <
ε2
8
.
For every fixed i = 1, 2, . . . , ℓ, let gin = T
a1(n)f∞1 · T
a2(n)f∞2 . . . T
ai−1(n)f∞i−1, and
hin = T
ai+1(n)fi+1 · T
ai+2(n)fi+2 . . . T
aℓ(n)fℓ, one has∥∥∥∥ 1N1
N1∑
n=1
(gin · T
ai(n)fi · h
i
n − g
i
n · T
ai(n)fmi · h
i
n)
∥∥∥∥
2
L2(µ)
=
1
N21
N1∑
n,k=1
∫ (
ginT
ai(n)fih
i
n − g
i
nT
ai(n)fmi h
i
n
)(
gikT
ai(k)fih
i
k − g
i
kT
ai(k)fmi h
i
k
)
dµ
=
1
N21
N1∑
n,k=1
(Aink − B
i
nk + C
i
nk −D
i
nk), (4.2)
where
Aink =
∫
gin · g
i
k · T
ai(n)fi · T
ai(k)fi · h
i
n · h
i
kdµ,
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Bink =
∫
gin · g
i
k · T
ai(n)fi · T
ai(k)fmi · h
i
n · h
i
kdµ,
C ink =
∫
gin · g
i
k · T
ai(n)fmi · T
ai(k)fmi · h
i
n · h
i
kdµ,
Dink =
∫
gin · g
i
k · T
ai(n)fmi · T
ai(k)fi · h
i
n · h
i
kdµ.
For given (n, k) ∈ {N0 + 1, N0 + 2, . . . , N1}
2, there are three cases.
Case 1: ai(n) > ai(k) + m. Recall that, g
i
n, g
i
k are Pµ(T )-measurable and
f1, f2, . . . , fℓ are P-measurable function, hence g
i
n·g
i
k·T
ai(n)fi·h
i
n·h
i
k is T
−(ai(k)+m)P-
measurable. Then one has
Aink =
∫
E
(
gin · g
i
k · T
ai(n)fi · T
ai(k)fi · h
i
n · h
i
k
∣∣T−(ai(k)+m)P
)
dµ
=
∫
gin · g
i
k · T
ai(n)fi · E
(
T ai(k)fi
∣∣T−(ai(k)+m)P
)
· hin · h
i
kdµ
=
∫
gin · g
i
k · T
ai(n)fi · T
ai(k)E
(
fi
∣∣T−mP
)
· hin · h
i
kdµ
= Bink.
And
Dink =
∫
E
(
gin · g
i
k · T
ai(n)fmi · T
ai(k)fi · h
i
n · h
i
k
∣∣T−(ai(k)+m)P
)
dµ
=
∫
gin · g
i
k · T
ai(n)fmi · E
(
T ai(k)fi|T
−(ai(k)+m)P
)
· hin · h
i
kdµ
=
∫
gin · g
i
k · T
ai(n)fmi · T
ai(k)E
(
fi|T
−m
P
)
· hin · h
i
kdµ
= C ink.
Case 2: ai(k) > ai(n)+m. Similar with Case 1 we have A
i
nk = D
i
nk and B
i
nk = C
i
nk
Case 3: |ai(k)− ai(n)| ≤ m. Since ‖fi‖∞ ≤ 1, one has∫ ∣∣∣∣(gin ·T ai(n)fi ·hin− gin ·T ai(n)fmi ·hin) · (gik ·T ai(k)fi ·hik− gik ·T ai(k)fmi ·hik)
∣∣∣∣dµ ≤ 4.
To summing up, we set F = {1, 2, . . . , N0} × {1, 2, . . . , N1} ∪ {1, 2, . . . , N1} ×
{1, 2, . . . , N0},
(4.2) =
1
N21
( ∑
(n,k)∈F
∫ (
gin · T
ai(n)(fi − f
m
i ) · h
i
n
)
·
(
gik · T
ai(k)(fi − f
m
i ) · h
i
k
)
dµ
+
∑
N0 < n, k ≤ N1,
|ai(n)− ai(k)| ≤ m
∫ (
gin · T
ai(n)(fi − f
m
i ) · h
i
n
)
·
(
gik · T
ai(k)(fi − f
m
i ) · h
i
k
)
dµ
)
≤ 4
(
#{(n, k) ∈ [1, N1]
2 : |ai(n)− ai(k)| ≤ m}
N21
+ 2
N0
N1
)
< 4
(ε2
8
+ 2
ε2
16
)
= ε2.
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Thus we have (4.1) ≤ ℓε+ ℓε = 2ℓε. Thus the conclusion holds for P-measurable
functions in L∞(µ) because of the arbitrary of ε, also for T rP-measurable functions,
r ∈ N, for µ is T -invariant. For general functions f1, f2, . . . , fℓ ∈ L
∞(µ), there exists
T kP-measurable functions f1k, f2k, . . . , fℓk ∈ L
∞(µ) which satisfy the conclusion
and converge to f1, f2, . . . , fℓ when k →∞, and we can know this conclusion holds
for f1, f2, . . . , fℓ. Thus the result holds for all functions in L
∞(µ). 
Theorem 4.2. Let Λ = {a1, a2, . . . , aℓ} be a collection of sequences that satisfies
Condition (∗∗). Let (X,B, µ, T ) be a measure preserving system and Pµ(T ) be the
Pinsker σ-algebra. Then for any f0, f1, . . . , fℓ ∈ L
∞(µ),
1
N
N∑
n=1
∫ ∣∣∣∣E
(
f0
ℓ∏
i=1
T ai(n)fi
∣∣Pµ(T )
)
− E
(
f0|Pµ(T )
) ℓ∏
i=1
T ai(n)E
(
fi|Pµ(T )
)∣∣∣∣
2
dµ→ 0
as N →∞.
Proof. Fix f0, f1, . . . , fℓ ∈ L
∞(µ). By Theorem 1.1, we have
lim
N→∞
1
N
N∑
n=1
( ℓ∏
i=1
T ai(n)fi −
ℓ∏
i=1
T ai(n)E(fi|Pµ(T ))
)
= 0 (4.3)
in L2(µ). At first, we assume that there exists some h ∈ {1, 2, . . . , ℓ} such that
E(fh|Pµ(T )) = 0. Then by (4.3), we have∣∣∣∣ 1N
N∑
n=1
∫
E
(
f0
ℓ∏
i=1
T ai(n)fi|Pµ(T )
)
dµ
∣∣∣∣
=
∣∣∣∣ 1N
N∑
n=1
∫
f0
ℓ∏
i=1
T ai(n)fidµ
∣∣∣∣
≤ ‖f0‖L2(µ) · ‖
1
N
N∑
n=1
ℓ∏
i=1
T ai(n)fi‖L2(µ) → 0, as N →∞. (4.4)
Consider the relative product space (X×X,B×B, λ, T×T ), where λ = µ×Pµ(T )µ.
Then one has Pλ(T ) = π
−1(Pµ(T )) (see e.g. [6, Theorem 0.4(iii)], or [16, Theorem
4] for free action). For every g1, g2 ∈ L
2(X,B, µ, T ), by (2.2), one has E(g1 ⊗
g2|Pλ(T )) = E(g1|Pµ(T ))E(g2|Pµ(T )). Applying (4.4) to the relative product space
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(X ×X,B ×B, λ, T ), we have
0 = lim
N→∞
1
N
N∑
n=1
∫
E
(
f0 ⊗ f0
ℓ∏
i=1
T ai(n) × T ai(n)(fi ⊗ fi)
∣∣Pλ(T )
)
dλ
= lim
N→∞
1
N
N∑
n=1
∫
E
((
f0
ℓ∏
i=1
T ai(n)fi
)
⊗
(
f0
ℓ∏
i=1
T ai(n)fi
)∣∣Pλ(T )
)
dλ
= lim
N→∞
1
N
N∑
n=1
∫
E
(
f0
ℓ∏
i=1
T ai(n)fi
∣∣Pµ(T )
)
⊗ E
(
f0
ℓ∏
i=1
T ai(n)fi
∣∣Pµ(T )
)
dλ
= lim
N→∞
1
N
N∑
n=1
∫ ∣∣∣∣E
(
f0
ℓ∏
i=1
T ai(n)fi
∣∣Pµ(T )
)∣∣∣∣
2
dµ. (4.5)
This implies the conclusion holds if E(fh|Pµ(T )) = 0, for some h ∈ {1, 2, . . . , ℓ}. For
the general case, one has
E
(
f0
ℓ∏
i=1
T ai(n)fi
∣∣∣∣Pµ(T )
)
−E
(
f0|Pµ(T )
) ℓ∏
i=1
T ai(n)E
(
fi|Pµ(T )
)
= E
( ℓ∏
i=0
T ai(n)fi −
ℓ∏
i=0
T ai(n)E(fi|Pµ(T ))
∣∣∣∣Pµ(T )
)
=
ℓ∑
h=0
E
(h−1∏
i=0
T ai(n)fi · T
ah(n)
(
fh − E(fh|Pµ(T ))
) ℓ∏
j=h+1
E(fj |Pµ(T ))
∣∣∣∣Pµ(T )
)
=
ℓ∑
h=1
E
(
f0 ·
h−1∏
i=1
T ai(n)fi · T
ah(n)
(
fh − E(fh|Pµ(T ))
) ℓ∏
j=h+1
E(fj|Pµ(T ))
∣∣∣∣Pµ(T )
)
(4.6)
where a0(n) = 0. Note that E
(
fh − E(fh|Pµ(T ))
∣∣Pµ(T )) = 0 for h = 1, . . . , ℓ. Now
the result follows from (4.5) and (4.6) immediately. 
Proposition 4.3. Let Λ = {a1, a2, . . . , aℓ} be a collection of sequences that satisfies
Condition (∗∗). Let (X,B, µ, T ) be a measure preserving system, Pµ(T ) be the
Pinsker σ-algebra and µ =
∫
µzdµ(z) be the disintegration of µ over Pµ(T ). Then
for any A0, A1, . . . , Aℓ ∈ B and ε, δ > 0, there exists a subset F ⊂ N with density 1
such that for any n ∈ F ,
µ
{
z ∈ X :
∣∣∣∣µz
(
A0 ∩
ℓ⋂
i=1
T−ai(n)Ai
)
− µz(A0)
ℓ∏
i=1
µz(T
−ai(n)Ai)
∣∣∣∣ < ε
}
> 1− δ.
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Proof. For i = 0, 1, . . . , ℓ, let fi = 1Ai. By (2.1), for µ-a.e. z ∈ X ,
E
(
f0
ℓ∏
i=1
T ai(n)fi
∣∣∣∣Pµ(T )
)
(z) = E
(
1A0∩
⋂ℓ
i=1 T
−ai(n)Ai
∣∣∣∣Pµ(T )
)
(z)
= µz
(
A0 ∩
ℓ⋂
i=1
T−ai(n)Ai
)
and
E
(
f0|Pµ(T )
)
(z)
ℓ∏
i=1
T ai(n)E
(
fi|Pµ(T )
)
(z)
= E
(
f0|Pµ(T )
)
(z)
ℓ∏
i=1
E
(
1T−ai(n)Ai|Pµ(T )
)
(z)
= µz(A0)
ℓ∏
i=1
µz(T
−ai(n)Ai).
By Theorem 4.2,
lim
N→∞
1
N
N∑
n=1
∫ ∣∣∣∣µz
(
A0 ∩
ℓ⋂
i=1
T−ai(n)Ai
)
− µz(A0)
ℓ∏
i=1
µz(T
−ai(k)Ai)
∣∣∣∣dµ(z) = 0.
Now by [35, Theorem 1.20] there exists a subset F ⊂ N with density 1 such that for
any n ∈ F ,∫ ∣∣∣∣µz
(
A0 ∩
ℓ⋂
i=1
T−ai(n)Ai
)
− µz(A0)
ℓ∏
i=1
µz(T
−ai(n)Ai)
∣∣∣∣dµ(z) < εδ.
This implies that for any n ∈ F ,
µ
{
z ∈ X :
∣∣∣∣µz
(
A0 ∩
ℓ⋂
i=1
T−ai(n)Ai
)
− µz(A0)
ℓ∏
i=1
µz(T
−ai(n)Ai)
∣∣∣∣ ≥ ε
}
< δ,
and then ends the proof. 
5. Proof of Theorem 1.2
The aim of this section is to prove Theorem 1.2. To do this, we will first prove
the following auxiliary lemma.
Lemma 5.1. Let Λ = {a1, a2, . . . , aℓ} be a collection of sequences that is good for
lim inf-ℓ-recurrence and satisfies Condition (∗∗). Let (X,B, µ, T ) be a measure pre-
serving system, Pµ(T ) be the Pinsker σ-algebra and µ =
∫
µzdµ(z) be the disinte-
gration of µ over Pµ(T ). For every M ∈ N, if U1, U2, . . . , UM are non-empty subsets
in B such that
µ
(
{z ∈ X, µz(Ui) > 0, i = 1, 2, . . . ,M}
)
> 0,
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then there exists L ∈ N and c > 0 such that
µ
(
{z ∈ X : µz(U
L
s ) > c : s ∈ {1, 2, . . . ,M}
ℓ+1}
)
> 0
where ULs = Us(1) ∩ T
−a1(L)Us(2) ∩ . . .∩T
−aℓ(L)Us(ℓ+1) for every s ∈ {1, 2, . . . ,M}
ℓ+1.
Proof. For each p ∈ N, let
Ωp =
{
z ∈ X : µz(Ui) >
1
p
, i = 1, 2, . . . ,M
}
.
By the assumption, we have µ
(⋃∞
p=1Ωp
)
> 0. Then there exists p0 ∈ N such that
µ(Ωp0) > 0. Since Λ is good for lim inf-ℓ-recurrence, there exists c0 > 0 such that
lim inf
N→∞
1
N
N∑
n=1
µ
(
Ωp0 ∩ T
−a1(n)Ωp0 ∩ · · · ∩ T
−aℓ(n)Ωp0
)
> c0.
Let E = {k ∈ N : µ(Ωp0 ∩ T
−a1(k)Ωp0 ∩ · · · ∩ T
−aℓ(k)Ωp0) > c0}. Then we have
D(E) > 0.
Fix 0 < ε < 1
pℓ+10
and 0 < δ < c0
Mℓ+1
. For any s ∈ {1, 2, . . . ,M}ℓ+1 and n ∈ N, let
Hns =
{
z ∈ X :
∣∣∣∣µz(Uns )− µz(Us(1))
ℓ∏
i=1
µz(T
−ai(n)Us(i+1))
∣∣∣∣ < ε
}
,
and Fs = {n ∈ N : µ(H
n
s ) > 1− δ}. By Proposition 4.3, Fs has density 1. Let
F :=
⋂
s∈{1,2,...,M}ℓ+1
Fs.
Then F also has density 1. In particular, E ∩ F 6= ∅.
Choose L ∈ E ∩ F and put
H =
⋂
s∈{1,2,...,M}ℓ+1
HLs .
Since µ(HLs ) > 1− δ, one has µ(H) > 1−M
ℓ+1δ > 0. Let
Ω = H ∩ Ωp0 ∩
ℓ⋂
i=1
T−ai(L)Ωp0.
Since L ∈ E, one has µ(Ω) > c0 −M
ℓ+1δ > 0. Choose 0 < c < 1
pℓ+10
− ε. Then for
any z ∈ Ω and s ∈ {1, 2, . . . ,M}ℓ+1,
µz(U
L
s ) > µz(Us(1))
ℓ∏
i=1
µTai(L)z(Us(i+1))− ε ≥
1
pℓ+10
− ε > c.
This finishes our proof. 
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Let (X, T ) be a topological dynamical system. The topological entropy of (X, T )
is denoted by htop(X, T ). For an invariant measure µ ∈ M(X, T ), the measure-
theoretic entropy of µ is denoted by hµ(X, T ). We have the following classical vari-
ational principle between topological entropy and measure-theoretic entropy holds
(see e.g. [15, 35])
htop(X, T ) = sup
µ∈M(X,T )
hµ(X, T ) = sup
µ∈Me(X,T )
hµ(X, T ).
We will also need the following result, see [7, Lemma 3.1] and [21, Lemma 4.3].
Theorem 5.2. Let (X, T ) be a dynamical system, µ ∈Me(X, T ) and Pµ(T ) be the
Pinsker σ-algebra of (X,B, µ, T ). For n ∈ N with n ≥ 2, let λn = µ×Pµ(T ) µ×Pµ(T )
· · · ×Pµ(T ) µ (n-times) and ∆
n
X = {(x1, . . . , xn) ∈ X
n : ∃1 ≤ i < j ≤ n s.t. xi = xj}.
Then
(1) λn ∈M
e(Xn, T (n)), where T (n) = T × T × · · · × T (n-times);
(2) if hµ(X, T ) > 0, then λn(∆
n
X) = 0.
After the above preparation, now we are ready to prove the main result.
Proof of Theorem 1.2. Since htop(X, T ) > 0, by the variational principle there exists
µ ∈ Me(X, T ) such that hµ(X, T ) > 0. Let Pµ(T ) be the Pinsker σ-algebra of
(X,B, µ, T ), µ =
∫
µzdµ the disintegration of µ over Pµ(T ). Denote λ = µ×Pµ(T ) µ,
then by Theorem 5.2 λ is ergodic measure on X × X and λ(∆2X) = 0. Thus there
exist non-empty closed subsets A1, A2 of X , with A1 ∩ A2 = ∅ and diam(Ai) <
1
2
for i = 1, 2, such that
0 < λ(A1 ×A2) =
∫
µz × µz(A1 ×A2)dµ(z).
Then there exists c1 > 0 such that µ
(
{z ∈ X : µz(Ai) > c1, i = 1, 2}
)
> 0. Let
E1 = {1, 2} and Ek+1 = Ek×Ek×· · ·×Ek (k+1-times), for any k ≥ 1. By Lemma 5.1
and induction, we can construct non-empty closed subsets Aσ of X for each σ ∈ Ek,
k ∈ N with the following properties:
(1) for any k > 1, there exists Lk ∈ N, and a non-empty closed subset Aσ of
X for any σ = (σ(1), σ(2), . . . , σ(ℓ)) ∈ Ek, where σ(i) ∈ Ek−1, i = 1, 2, . . . , ℓ,
such that
Aσ ⊂ Aσ(1) ∩
ℓ⋂
i=1
T−ai(Lk)Aσ(i+1).
(2) diam(Aσ) < 2
−k, for all σ ∈ Ek, k > 1.
(3) for any k ∈ N, there exists ck > 0 such that
{z ∈ X : µz(Aσ) > ck, for all σ ∈ Ek}
has positive measure.
Let A :=
∞⋂
k=1
⋃
σ∈Ek
Aσ. Now we shall show that A is a ∆-weakly mixing subset of
(X, T ) along the collection Λ of sequences using Proposition 3.2. For any k ∈ N, Aσ
for all σ ∈ Ek are pairwise disjoint because A1, A2 are disjoint and of property (1).
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Thus A is a Cantor set. For any n ∈ N, non-empty open subsets V1, V2, . . . , Vn and
Ui,j, i ∈ {1, 2, . . . , ℓ}, j ∈ {1, 2, . . . , n} of X intersecting A, there exists K ∈ N large
enough such that we can choose σ1, σ2, . . . , σn, σi,j , i = {1, 2, . . . , ℓ}, j = {1, 2, . . . , n}
in EK , such that Aσj ⊂ Vj ∩A, Aσij ⊂ Uij ∩A for i = 1, 2, . . . , ℓ, j = 1, 2, . . . , n. For
every (σi, σ1,i, . . . , σℓ,i) ∈ EK+1, i ∈ {1, 2, . . . , n}, one has
∅ 6= A(σi,σ1,i,...,σℓ,i) ⊂ Aσi ∩
ℓ⋂
j=1
T−aj(LK+1)Aσj,i .
Thus
(Vi ∩A) ∩
ℓ⋂
j=1
T−aj(LK+1)Uj,i 6= ∅
i = 1, 2, . . . , n. This means LK+1 ∈ NΛ(Vi ∩A;U1,i, U2,i, . . . , Uℓ,i) for i = 1, 2, . . . , n.
By Proposition 3.2, A is a ∆-weakly mixing subset of (X, T ) along the collection Λ
of sequences. 
Now by Theorem 1.2 and Proposition 3.6, we have the following corollary, which
shows that positive topological entropy implies multi-variant Li-Yorke chaos along
polynomial times of the shift prime numbers.
Corollary 5.3. If a topological dynamical system (X, T ) has positive topological
entropy, then for any ℓ ∈ N with ℓ ≥ 2 and any polynomials p1(n), . . . , pℓ(n) with
rational coefficients taking integer values on the integers and pi(0) = 0 for i =
1, . . . , ℓ, there exists a Cantor subset C of X such that for every pairwise distinct
points x1, x2, . . . , xℓ ∈ C, we have
lim sup
P∋k→∞
min
1≤i<j≤ℓ
ρ(T pi(k−1)xi, T
pj(k−1)xj) > 0
and
lim inf
P∋k→∞
max
1≤i<j≤ℓ
ρ(T pi(k−1)xi, T
pj(k−1)xj) = 0.
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